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1 Introduction

In these notes, we describe the popular kernels such as exponentiated quadratic, Matérn 3/2,
and Matérn 5/2 kernels [Rasmussen and Williams, 2006], and their derivatives. Before the

details of them, we first introduce notations as follows.

Table 1: Notation.

Symbol Meaning Dimensionality

b'q a data point R?
S a signal scale R
4 a length scale R

L a length-scale matrix Rxd
o2 a noise variance R
d;; a difference between x; and x; (i.e., x; — x;) R
k() a kernel R
E(-, ) a kernel with observation noise R

Note that a length-scale matrix L for automatic relevance determination [Rasmussen and
Williams, 2006] is a diagonal matrix:

& 0 - 0
0 ¢ --- 0

L=| . € R4, (1)
0 0 --- Y4



In addition, a kernel with observation noise /k\(Xi, x;) is defined as

k(xiaxj) :k(xhxj)—’_azéij? (2)

where d;; is the Dirac delta function, which is 1 if 4 = j, and 0 otherwise.

2 Exponentiated Quadratic Kernel

Exponentiated quadratic kernel (also known as squared exponential kernel) is defined as

ki) = st exp (g = x0T =) ) ®)

1
k(xi,x;) = s” exp (—%Z(Xi —x;) " (x; — Xj)) + 05045, (4)

for the case with a length scale ¢, or

ki) = e (-5~ %) L2 - x3)) )

k(xi,x;) = s?exp <;(x7 — xj)TL*Q(xi - xj)> + J?L&j, (6)

for the case with a length-scale matrix L.

3 Derivatives of Exponentiated Quadratic Kernel

The derivatives of (4) with respect to hyperparameters, s, ¢, and o,, are defined as

875()(2», Xj) 1 T
T:Qsexp —ﬁ(xi—xj) (xi — %) |, (7)
675()(2', Xj) 2 1 T 1 T
a5 e | o —x) (- xg) ) - gl = %) (% %), (8)
Ok(x;,x;)
do, "= 200 04j- (9)
The derivatives of (6) with respect to hyperparameters, s, ¢1,...,%4, and o, are defined
as
8/]5()(1‘, X ) 1 —
TJ = 2sexp (—Q(Xi — Xj)TL (% — Xj)) , (10)
8@(xi,x~) 1 _ 1
Tﬂkj = s?exp (—Q(Xi — xj)TL 2(x; — xj)> . g(ajlk — xjk)Q, (11)
Ok (xi,x;)
Tn] = 20n57‘,j, (12)



for k=1,...,d, where z;; is the k-th element of x;. The elaborate derivation of (11) is

o~

Ok(xi, %) 9 2 Loy 2
agkjagk(s exp 7§dijL dij +O'n(sij

1 0 1
=g ——d'L72d;; ) - — | —=d]L2d;;
=5 exp( 2dUL du) at, ( 2dUL dza)

1 _ 1 0 (z41 —1:41)2 (I‘d—I'd)Q
2 T2

1 1
2 Tr-2 2
= s%exp <2dijL dz-j) ¥ (i — Tjk)°. (13)

4 Matérn 3/2 Kernel

Maérn 3/2 kernel is defined as

V3 V3
k‘(Xi,Xj) = 32 (1 =+ 7 d;gdlj exp —7 dznglJ s (14)
~ 3 3
k(Xi,Xj) = 52 (1 + % d;gd”> exp <—{ dgdm> + 0’25”‘, (15)

for the case with a length scale ¢, or

k(xi,%;) = 52 (1 +3 diTjL—2dij) exp (—\/§. /dij—2dij) , (16)
R(xixg) = 8* (14 V3 [ L2dy; ) exp (—v3,/d[L=2d;; ) + o205, (17)

for the case with a length-scale matrix L.

5 Derivatives of Matérn 3/2 Kernel

The derivatives of (15) with respect to hyperparameters, s, ¢, and o, are defined as

87{:\(Xi,X]‘) \/g T \/§ T

TS = 2s | 1 oy Jdfdy | exp | =7 /dTdy ) (18)
8E(xi,xl) 9 V3 L7

ag(xi,x-)

oo, 200 (20)



The elaborate derivation of (19) is

5E(Xi7xj)_a V3 T V3 Td.. 25
wW( (HE ady ) exp (22 fafay ) + a2,

:s2exp< ‘gf de> gf dd;;

szexp< V3 de> V3 dd;;

2
s2v/3 \[ V3
352 V3
= Fd;dij exp < A dd; ) ) (21)
The derivatives of (17) with respect to hyperparameters, s, £1,...,£¢q, and o, are defined
as
aﬁ(xi7 X;) - .
Ok(x;,%;) 1
Ték] = 3s% exp (—\/§ d:jL*Qdij) . g(%k — xjk)27 (23)
Ok(x;, %)
for k =1,...,d, where z; is the k-th element of x;. The elaborate derivation of (23) is

6%(;(2:(]) - aigk (52 (1 +V3 d;;L—2dij) exp ( V3 dTL 2d2]) +o 5”)

= s2exp (V3 /d[L-2d;) '_\/5‘8716 dlL2d;
?
+s%exp (~V3 dsz*Qdij)~\/§~a—&c dlL2d
?
2 T — T — Tr.—
+52V3\ /] L2y exp (— V3 /d] L-2d,; ) VB AL

357\ L2y exp (~V3,/d [ L2d;;) - ai /4l L-2d,;

= —3s° (d:jL_2dij)% exp <_\/§ dz‘TjL_zdij) "3 (dfL7%d;;) *
0

B0 (d;L7%d;;)
1 0 ((vi1—xj1)? (Tid — Tja)?
— 942 _ T1.-24..). = . — JJ g e Ja)
3% e -V /L2y ) -5 azk( a Tt o
)2
= 35?2 exp (_\/§ diTjL—Qdi]) (xbkl%]k) (25)
k



6 Matérn 5/2 Kernel

Maérn 5/2 kernel is defined as

5
k(xi,x;) = s (1 + % ddeu + — 382 l] > exp < —/d ) (26)
~ 5
k(xi,x;) = 52 (1 + % ddeZJ + — 62 ” >exp< —./d 1- ) + o2 205, (27)

for the case with a length scale ¢, or

5 oo e
k(Xi,Xj) =52 <1 + \/5 dl—TjL_2dij + gd;;L 2(217;]‘) exp (—\/g dgL_2dlj) R (28)
- 5
k(xi,x;) = 87 (1 +V5y/d]L2d;; + 2djL 7, ) exp (~V5\/d[L2d;;) + o205, (29)

for the case with a length-scale matrix L.

7 Derivatives of Matérn 5/2 Kernel

The derivatives of (27) with respect to hyperparameters, s, ¢, and o, are defined as

k(i) _ ( V5 dldi; + 2 dld, )exp( v de) (30)

0s 302
E)E(xi,xj) V5 \[ T T
— = 3 <1+ d; Ldij | exp A d/d;; ggd”d”, (31)
Ok(xi, ;)

The elaborate derivation of (31) is

Ok(xi,x;) 0 V5 5 1 V5
Mj_c’)ﬁ< <1+ 7 dd; + €2d”d exp *7\/d£dij +026i;

:52exp< \[ de> \g{ de

—szexp< \f de> \gg de
$2
\[ de”eXp (—\/5 diTjdij> \[ de

l

10s® ¢ \f



SQde”exp< v de> v5 dld,;

3¢ 2
552 V5 T
=3B Zjd”exp< A d, d )
55?5 o1 V5 T T
+ 2 d g exp (6\/dijdij Jaidy,
_ 58 V5 Vb
37 —=did;; exp ( d/d; ) (1 + djjdij> ) (33)
The derivatives of (29) with respect to hyperparameters, s, ¢1,...,£¢q, and o, are defined
as
Ok(xi,x;) - 5 1o _ -
e = s (1+\/5 dL>d;; + d]jL 2dij) exp (—\/3 d/ L 2dij), (34)
6%(Xi,xj) ~ bs? Tr 2 Ty 2 2
T = (14 V5\/d]L2d;;) exp (—V5, /d] L d”) g (o =), (39)
87{:\(xl,x')
# = 20"”(51‘]‘, (36)
for k =1,...,d, where z; is the k-th element of x;. The elaborate derivation of (35) is
8%(xi,xj)
Oty

9 _ 5 Tr_2 /
551@( (1+\f d;.;L 2d1j+§dijL d,;j)exp(\/g dTL dlj>+cr 57])
0
_ 2 T1 - T1 -
= s%exp (—\/5 d/ L 2dij) '7\/5'67;@ d/L-2d;
0
_ TL-2d..) - T1,-2
5exp( V5 d;;L dzy) FA =/ di;L2d;

+ 52\/5 diT-L_Qdij exp (—\/g diTjL_Qdij) . —\/g' (9% d;;-L_Qdij
k
0

5s
+?exp( V5 diTjL—2dij) ar; —d;;L7?d;;

55° 1 -2 V5. /dT L2 \[ TL-2
+2-dfL dijexp (—V5y/a[L-2dy ) - d]L-2d;;

= =557\ [d [ L=2d;; exp (—V5 /A L=2d; ) - ai m

2
+ 5i exp <—\/g d;;L_QdU> (,;Z

3
_ I
3 dszL zdl‘j exp (—\/g d;;L_Qd”) . 87616 d;er_Qdij

dT 2dij
_ 5525




8 (CC‘l — 1“1)2 (m-d — .Txd)z
— _B5g2 T1,—2d. . _ T1,-2d4.. ) — (x>~ =92/ ., . 4 e i)
= —5s%\JdjL2dy exp (V5 [T, a@( e Tt
2 )2 )2
+ %% exp (~v5\/d]L2a;) 0 <(x“ ri)” o (i %d)>

3 o, & &
552/5 0 ((xu —zj1)? (Tiq — l‘jd)Q) 2

3 oy, 2
, , 1 _ -1 (zir, — zjx)?
= —5s%/d [ L2d;; exp (,\/3 d/L 2dij)~§(dij ’d;;) ? -fz-Tf

10s? ik — Tik)?
_ 1Us eXp(—\/g diTjL_Qdij>'M

dJ L2 exp (—V5y /a1 2d;))

3 3
5524/5 _ 1 _ -1 (i — zj1)?
- AL exp (-V5\/djLdy) - 5 (afL7d,) R
_r2 \[ dL-2d (xlk' — zjk)Q
= 55 exp (— 9¢/d,; ij) T
1052 b —Tix)?
1 (-5 diTjL,zdij).(ﬂvkl#m
k
5525 Tig — T )2
+ 3 dZTJL72dU exp (*\/5 dZTJL72dU) . (klﬁijk)
52 NN (Tir — zj1)? NN
= 2 exp (— 5,/d] L dij) S (1+ 5,/d] L dij). (37)
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