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These notes describe an error bar and, in particular, log-scale error bars, where an error bar shows the
error or uncertainty of repeated experiments.

1 Sample Mean, Sample Variance, Standard Error of the Sample
Mean, and Confidence Interval

Suppose that Xy, ..., X,, are n observations of a variable X. The sample mean of X7,..., X,, is defined as
N
X==-> X (1)
s
Along with the sample mean X, the sample variance of X1,..., X, is defined as
2 IR )2
o :n_lz(xi—x). (2)
i=1

The standard error of the sample mean is

ox = N (3)

A confidence interval for an unknown parameter p satisfies the following inequalities with a probability p:
P(X—cog <pu<X-+cog)=np, (4)

where ¢ > 0 is a coefficient for controlling the confidence interval. To determine the confidence interval, one
of the following coefficients can be chosen; see Table 1. For example, if we choose ¢ as 1.960, we can obtain a
95% confidence interval for u. See textbooks on probabilities, e.g., a book by Papoulis [1991], for the details.

2 Error Bars
As shown in Figure 1, given 50 observations sampled from A(0,4%), we can compute the sample mean of

the observations, the standard deviation of the observations, the standard error of the sample mean, and
90.0%,95.0%/99.9%/99.9% confidence intervals, by (1), (2), (3), (4), and Table 1.

Table 1: Coefficients for confidence intervals.

p 0.000 0.500 0.600 0.700 0.800 0.900 0.950 0.980 0.990 0.999
¢ 0.000 0.674 0.842 1.036 1.282 1.645 1.960 2.326 2.576 3.291
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Figure 1: Error bars for the standard deviation of observations (denoted as SD), the standard error of
the sample mean (denoted as SEM), and 90.0%/95.0%,/99.0%/99.9% confidence intervals (denoted as CIs).
Horizontal bars indicate the sample mean of observations. Observations are sampled from A/(0, 42).
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Figure 2: Log-scale error bars for the standard deviation of observations (denoted as SD), the standard
error of the sample mean (denoted as SEM), and 90.0%/95.0%/99.0%/99.9% confidence intervals (denoted
as CIs), computing the statistics of Gaussian distributions. Horizontal bars indicate the sample mean of
observations. Observations are sampled from Lognormal(0,42). Precisely, the exactly same points shown
in Figure 1 are sampled, and then an exponential function is applied to those points.

3 Log-Scale Error Bars

Unlike the error bars described in Section 2, we can plot different styles of error bars where an axis is
log-scale:

1. error bars with the statistics of a Gaussian distribution (see Figure 2);
2. error bars with the statistics of a log-normal distribution (see Figure 3).

To visualize error bars, 50 observations are sampled from Lognormal(0,4?) as shown in Figures 2 and 3.
Note that observations in Figures 1, 2, and 3 are shown identically, since they are converted to match using
an exponential function.
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Figure 3: Log-scale error bars for the standard deviation of observations (denoted as SD), the standard
error of the sample mean (denoted as SEM), and 90.0%/95.0%,/99.0%/99.9% confidence intervals (denoted
as ClIs), computing the statistics of log-normal distributions. Horizontal bars indicate the sample mean of
observations. Observations are the same as the observations presented in Figure 2.

As presented in Figure 2, the sample mean is 10% 7740, which is mostly affected by a few large observations.
Moreover, error bars are asymmetric due to a log-scale axis. Given the results in Figure 2, we need to think
of whether an error bar with the statistics of a Gaussian distribution is appropriate or not. Instead of
the Gaussian distribution, we can plot error bars with the statistics of a log-normal distribution as shown
in Figure 3. The sample mean is computed as follows:

S 1 n .
XLognormal = 10» 2iz1logio XZ- (5)

With (5), the sample standard deviation is computed:

n

loglo OLognormal — ﬁ E (loglo Xz - loglo XLognormal)27 (6)
=1

O Lognormal,upper — XLognormalaLognormal - XLognormala (7)

OLognormal,lower — XLognormal - XLognormal/ULognormal~ (8

Interestingly, the upper and lower standard deviations are different as in (7) and (8). By both (7) and (8),
an error bar for the sample standard deviation is symmetric. Similar to (3), the standard error of the sample
mean is computed:

1
logyo O Xt ognormal \/ﬁ log1g TLognormals (9)
T Xt ognormat upper = S LognormalO Xy oyonmar — X Lognormal; (10)
O X1 ognorma lower = X Lognormal — X Lognormal/ 0 Xy, gmormai (11)

Also, by (10) and (11), an error for the standard error is symmetric. Likewise, a confidence interval is
computed with the following:

—= logyg oL al
_ _ Ve 10 OLognorma
O-XLognormaI;C 10 ’ (12)

where a coefficient for the confidence interval ¢ is given. Eventually, we can readily employ (12) in (10) and
(11), for computing the confidence interval.
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